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ON THE QUANTUM COHOMOLOGY
OF SOME FANO THREEFOLDS
AND A CONJECTURE OF DUBROVIN
GIANNI CIOLLI
Abstract. In the present paper the small Quantum Cohomology ring of some
Fano threefolds which are obtained as one- or two-curve blow-ups from P3 or
the quadric Q3 is explicitely computed. Because of systematic usage of the
associativity property of quantum product only a very small and enumerative
subset of Gromov-Witten invariants is needed. Then, for these threefolds the
Dubrovin conjecture on the semisimplicity of Quantum Cohomology is proven
by checking the computed Quantum Cohomology rings and by showing that
a smooth Fano threefold X with b3(X) = 0 admits a complete exceptional set
of the appropriate length.
Introduction
Throughout this paper, we call Fano threefold a smooth complex compact algebraic
variety of dimension three whose anticanonical divisor is ample.
Fano threefolds have been classified by Iskovskih, Mori and Mukai [23, 24, 28, 29]
in 106 deformation classes, and the second Betti number b2 ranges from 1 to 10.
According to the classification, we denote with M bn the n-th element of the list of
Fano threefolds M having b2(M) = b.
In the present paper we compute an explicit presentation for the small Quantum
Cohomology ring of 13 Fano threefolds which can be constructed as blow-ups of P3
or Q3 along one or two smooth rational curves. Two of them were already studied,
since they can also be constructed as projective bundles; however, we include them
both for the sake of completeness and because our computations are quite simple.
Theorem 1. The small Quantum Cohomology ring of the Fano threefold M2k with
k = 21, 22, 26, 27, 29, 30, 33 is isomorphic to the polynomial quotient ring
C[E,H, q0, q1]
/
(fC1 − f
Q
1 , f
C
2 − f
Q
2 ) ,
where the relations are described in table 2.
Theorem 2. The small Quantum Cohomology ring of the Fano threefold M3n for
n = 10, 12, 15, 18, 20, 25 is isomorphic to the polynomial quotient ring
C[E1, E2, H, q0, q1, q2]
/
(fC1 − f
Q
1 , f
C
2 − f
Q
2 , f
C
3 − f
Q
3 ) ,
where the relations are described in table 3.
In section 5 we focus on a conjecture of Dubrovin:
Conjecture (Dubrovin, [16] 4.2.2 (1); [8]). Let X be a (smooth complex compact)
variety. The even Quantum Cohomology ring of X is generically semisimple if and
only if
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(i) X is Fano and
(ii) the bounded derived category of coherent sheaves on X admits a complete ex-
ceptional set whose length equals
∑
q dimH
q,q(X).
Dubrovin conjecture has been proved by Bayer and Manin [8] for Del Pezzo surfaces;
moreover, it holds for Pn, because of Be˘ılinson’s Theorem and well-known Quantum
Cohomology computations.
We prove the conjecture for other 35 Fano threefolds:
Theorem 3. Dubrovin conjecture holds for the following 36 Fano threefolds (out
of the 59 having only even cohomology):
P3, Q3, V5, V22;
M2k with k = 21, 22, 24, 26, 27, 29, 30, 31, 32, 33, 34, 35, 36;
M3k with k = 10, 12, 15, 17, 18, 20, 24, 25, 27, 28, 30, 31;
P1 × Sk with k = 2, . . . , 8.
The proof follows from Theorems 1 and 2, existing computations [1, 15, 32, 34] and
the following proposition.
Proposition 1. Let X be a smooth Fano threefold with b3(X) = 0; then the bounded
derived category of coherent sheaves on X admits a complete exceptional set of
length
∑
q dimH
q,q(X).
This method can eventually lead to a complete result for all the 59 Fano threefolds
having only even cohomology; on the other hand, the remaining 47 Fano threefolds,
i. e. those X having b3 > 0, present additional difficulties.
Precisely, many of such threefolds are known not to have a complete exceptional
set of the appropriate length; thus, the Dubrovin conjecture is equivalent to non-
semisimplicity of the big Quantum Cohomology ring. The computation of this
latter ring is much more complicated, since it involves infinitely many Gromov-
Witten invariants; also, the relation between the small ring and non-semisimplicity
of the big ring is rather implicit, contrarily to the case of Fano threefolds having
b3 = 0.
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1. Quantum Cohomology
LetX be a smooth projective n-dimensional variety, and let p = b2(X). A Quantum
Cohomology ring of X is a tangent space to the classical cohomology ring H∗(X,C)
endowed with a so-called quantum multiplicative structure [25] which depends on
the tangency point γ ∈ H∗(X,C).
All the Quantum Cohomology rings with γ ∈ H2(X,C) can be described simultane-
ously by a parametric presentation, which depends on the p parameters q1, . . . , qp ∈
C \ {0} and gives the so-called small Quantum Cohomology ring. In this paper we
are concerned only with the small Quantum Cohomology ring of X , which we will
denote by QH(X); for simplicity, in the sequel we will drop the word “small”.
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Let T0 = 1 = [X ], T1, . . . , Tm be a homogeneous basis of the graded vector space
H
∗(X,C) such that |Ti| ≤ |Tj | if i < j. We denote by • the cohomology class of a
point in X . Let Tˆ0 = •, . . . , Tˆm ∈ H
∗(X,C) be the basis which is Poincare´ dual to
the Ti, that is, the basis such that (Ti ∪ Tˆj)n = δij• for all i, j. Let B ⊂ H2(X,Z)
denote the subset of nonzero homology classes of effective rational maps to X . Fix
β1, . . . , βp ∈ H2(X,Z) forming a vector space basis of H2(X,C) and such that any
β ∈ B can be expressed as
∑
i βibi with bi ∈ N.
Definition. Let n ≥ 3. The moduli space M0,n(X, β) of genus-zero n-marked maps
of class β in X is the moduli space of isomorphism classes of stable n-pointed maps
(f,C, x1, . . . , xn) such that f∗[C] = β.
Each space M0,n(X, β) is endowed with n natural evaluation maps to X
ik : (f,C, x1, . . . , xn) 7→ f(xk)
which are involved in the following
Definition. The Gromov-Witten invariant Iβ(γ1, . . . , γn) is the rational number
corresponding to the value of the degree-zero component of the cap product
Z ∩ (i∗1γ1 ∪ · · · ∪ i
∗
nγn)
where Z ∈ CH∗(M0,n(X, β)) is the virtual fundamental class.
Gromov-Witten invariants satisfy some properties [25] among which we recall the
following two.
Property 1 (Divisor Axiom). Let D be a divisor; then
Iβ(D,α1, . . . , αn) = (β.D)Iβ(α1, . . . , αn) .
Property 2 (Grading Axiom). Let α1, . . . , αn be homogeneous cohomology classes,
i. e. αi ∈ H
degαi(M,C). If
virt. dim.(M0,n(M,β)) 6=
∑
i
degαi
then the Gromov-Witten invariant Iβ(α1, . . . , αn) vanishes.
Remark (n-pointed invariants with n < 3). We can define Gromov-Witten invari-
ants even in the case n = 1, 2 by means of the Divisor axiom: we define respectively
Iβ(γ1) and Iβ(γ1, γ2) as the rational numbers x1, x2 such that Iβ(γ1, D2, D3) =
x1(D2.β)(D3.β) and Iβ(γ1, γ2, D3) = x2(D3.β) where D1, D2 are divisors such that
β.Di 6= 0. This definition is easily seen to be independent on the choice of the Di.
Given α1, α2 ∈ H
∗(X,C), their quantum product is defined as
α1 ∗ α2 = α1 ∪ α2 +
∑
β∈B
∑
ℓ
Iβ(α1, α2, Tℓ)Tˆℓq
β
where qβ := qb11 · · · q
bp
p and the Iβ(γ1, γ2, γ3) are the three-pointed Gromov-Witten
invariants, which encode enumerative information about the geometry of rational
curves on X .
This product extends C[q1, . . . , qp]-linearly to the ring H
∗(X,C)[q1, . . . , qp]. It is
widely known that if X is Fano, as we assume in the present paper, the sum
∑
β is
finite since almost all the Iβ vanish because of the Grading axiom (see below).
Quantum product has been proven to be associative [33, 10, 11, 27]; this property is
equivalent to a large family of relations between Gromov-Witten invariants, which
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we use later to reduce the amount of the enumerative data which is essential for
the determination of quantum multiplication.
These properties lead us to the following definition.
Definition. We will call a Gromov-Witten invariant Iβ(α1, . . . , αn) essential if
• degαi > 2 for all i, that is, Divisor Axiom cannot be applied any further;
• virt. dim.(M0,n(M,β)) = 2
∑
degαi, that is, it does not vanish trivially
because of Grading Axiom;
• it is involved by some associativity relation in the small Quantum Coho-
mology ring, that is, it appears as a coefficient in some expression of type
Ti ∗ (Tj ∗ Tk)− (Ti ∗ Tj) ∗ Tk with degTi + degTj + deg Tk ≤ 2 dimX .
From the definition it follows that essential invariants determine also non-essential
ones. Thus the knowledge of all essential Gromov-Witten invariants completely
determines Quantum Cohomology. Indeed, as showed in the following proposition,
from the knowledge of quantum multiplication we can extract a presentation for
the ring QH(X) as a quotient of the polynomial ring H∗(X,C)[q1, . . . , qp].
Proposition 2 ([18], Proposition 11). Let f1, . . . , fr ∈ C[x1, . . . , xk] be homoge-
neous polynomials such that
H
∗(X,C) ∼= C[x1, . . . , xk]
/ (
f1, . . . , fr
)
as graded rings. Let f ′1, . . . , f
′
r be homogeneous elements in C[x1, . . . , xk, q1, . . . , qp],
where for all i deg qi = −KX .βi and
• f ′i(x1, . . . , xk, 0, . . . , 0) = fi(x1, . . . , xk) ;
• f ′i(x1, . . . , xk, q1, . . . , qp) = 0 in H
∗(X,C) ⊗ C[q1, . . . , qp] with the quantum
product.
Then
QH
∗(X,C) ∼= C[x1, . . . , xk, q1, . . . , qp]
/ (
f ′1, . . . , f
′
r
)
.
2. Existing computations
A presentation of the Quantum Cohomology ring has been computed [32, 34, 15, 1]
for the 21 Fano threefolds which can be constructed as P(E) [35], where E is a rank-2
vector bundle over a surface. Also, 18 Fano threefolds have a toric representative
[5, 36] and their Quantum Cohomology can be studied also with the techniques
available for toric varieties [6, 20, 34]. These two classes overlap; their union counts
28 Fano threefolds.
Moreover, Quantum Cohomology has been computed [9] for some complete inter-
sections in projective spaces, under some hypotheses which hold for three Fano
threefolds: the quadric M12 , the cubic M
1
5 and V5 =M
1
7 .
A few of our computations were known before. The two threefoldsM233 andM
3
25 are
toric and could have been treated with the above-mentioned techniques. Quantum
Cohomology of the threefold M227 was already computed in [1] since M
2
27 can also
be constructed as a projective bundle over a surface. However, we report such
presentations in order to underline the analogy with the other blow-ups.
Some Gromov-Witten invariants of blow-ups along smooth curves (in particular,
lemmas 6 and 9) follow also from Theorem 1.5 in [22], in which symplectic tech-
niques are used to prove that
IXβ (α1, . . . , αm) = I
X˜
f !(β)(f
∗α1, . . . , f
∗αm)
QUANTUM COHOMOLOGY OF SOME FANO THREEFOLDS. . . 5
where f !(β) := Pf∗Pβ, P is Poincare´ duality and β ∈ H2(X,Z); anyway, we present
our enumerative proofs, which happen to be particularly simple and clear.
We check Dubrovin conjecture by means of explicit presentations of Quantum Co-
homology rings; but for some manifolds only Gromov-Witten invariants or a sketch
of the computations have been done before. This is the case for the threefolds
Q3, V5, V22 and for trivial P
1-bundles over Del Pezzo surfaces, for which we com-
puted explicit Quantum Cohomology presentations starting from partial results in
[1, 8].
Very recently, A. Bayer proved in [7] that semisimplicity of Quantum Cohomology
is preserved by point blow-ups, and proposed consequently a small change to the
conjecture, that is, to remove the condition of being Fano.
3. The blow-up of a Fano threefold
We recall the following description of the even cohomology ring of the blow-up of
a threefold along a smooth curve (see e.g. lemma 2.11 in [23], or [19]).
Lemma 1. Let f : X˜ → X be the blow-up of a smooth threefold along a smooth
curve C. Let E ∈ H2(X˜,C) be the class of the exceptional divisor, and let ϕ ∈
H
4(X˜,C) be the class of an exceptional fiber. Then
H
∗(X˜,C) ∼= f∗H
∗(X,C)⊕ CE ⊕ Cϕ
as vector spaces, with the multiplicative structure defined by
• E2 = −f∗[C] + c1ϕ,
• E.ϕ = −1,
• E.f∗D = (C.D)ϕ and ϕ.f∗D = 0 for all D ∈ H2(X),
• E.f∗C = ϕ.f∗C = 0 for all C ∈ H4(X),
where c1 := deg c1(NCX) = 2g(C)− 2−KX .[C].
Also the Quantum Cohomology structure of X˜ is closely related to the one in X .
Indeed, an irreducible rational curve in X˜ can be either the strict transform of a
rational curve in X or an exceptional fiber; starting from this argument, we can
build a family of finite morphisms between the various components of moduli spaces
of stable maps of X and X˜, expressing all the genus-zero Gromov-Witten invariants
of X˜ by means of the ones of X , as in the example on page 7.
Moreover, a blow-up of the above type always gives a “standard” Gromov-Witten
invariant, as stated in the next lemma; this invariant turns out to be always essen-
tial.
Lemma 2. In a threefold X˜ which is the blow-up along a curve, the class F of
an exceptional fiber is enumerative and the value of the Gromov-Witten invariant
IF (ϕ) is −1, where ϕ is the cohomology class of an exceptional fiber.
Proof. Exceptional fibers are parameterized by the blown-up curve, and a curve in
the class F must be an exceptional fiber. So the dimension of the moduli space
M0,3(X,F ) is
1 + 3 = 4 = 3 +
(
σ∗(−K)− E
)
.F = 3 + 0 + 1 .
Let ̺i be the cohomology class of the strict trasform of a line which intersects the
blown-up curve transversally in i points; we have IF (̺i) = i; since ̺0 = ̺1+ϕ, the
claim follows from (multi)linearity of Gromov-Witten invariants. 
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4. Getting information from associativity
Only finitely many Gromov-Witten invariants are involved in the computation of
all the quantum products needed in Proposition 2.
Divisor and Grading axioms (see [25]) together with the fact that b1(X) = 0
(true for any Fano threefold) reduce the family of “essential” invariants to those
Iβ(α1, . . . , αn) such that n ≤ 3, degαi > 2 for all i and
∑
degαi = −K.β + n .
Let’s label such invariants as x1, . . . , xN .
Consider a threefold with b1 = 0, e. g. a Fano threefold; then the only non-
trivial cup products are those between three divisors. This is not true for quantum
product; indeed, the small Quantum Cohomology ring has infinite dimension if
regarded as a C-vector space. However, to reduce the size of the computations we
considered only those associativity relations arising from triple products of divisors;
they involve only a subclass of Gromov-Witten invariants, which we hope to be
enough large to fulfill our purpose. This is in the spirit of the Reconstruction
theorem (3.1 of [25]), which implies that the complete family of Gromov-Witten
invariants is determined by the above subclass.
Consider all the possible triples 1 ≤ i ≤ j ≤ k ≤ p = b2(X) where at least two of
i, j, k are distinct, and write
(1) P (i, j, k) := (Ti ∗ Tj) ∗ Tk − Ti ∗ (Tj ∗ Tk) = 0 .
P is a polynomial in C[T1, . . . , Tp, x1, . . . , xN ]; if we decompose it as P (i, j, k) =∑
I P (i, j, k)IT
I , where I = (i1, . . . , ip) is a multi-index, T
I =
∏
s T
is
s and P (i, j, k)I ∈
C[x1, . . . , xN ] we obtain a system of associativity equations
(2)


P (i, j, k)I = 0
for all multi-indices I
for all non-diagonal triples (i, j, k) ∈ Sym3{1, . . . , p} ;
the ideal JA generated by such polynomials contains all the possible associativity
relations among the xi.
In general these relations do not suffice to determine all the invariants, since the
affine variety A ⊂ CN cut out by system (2) has positive dimension; however, by
intersecting A with a suitable affine variety G defined by some additional geometric
relations JG = (g1, . . . , gs) ⊂ C[x1, . . . , xN ], we can have that G∩A = {one point},
that is, we can determine the Quantum Cohomology of X by using the minimal
geometric information expressed by G.
To carry out this procedure, we used a specific computer program [4, 13] which
computes all the equations in (2) and builds a list of all the essential invariants.
Our purpose is to determine JG, that is, a set of geometric relations which suffice
to determine all the Gromov-Witten invariants of the manifold.
We begin with an empty ideal JG = (0). We compute a geometric relation which
we don’t have already, i. e. which is not contained in JG + JA (e. g. we compute
the value of some Gromov-Witten invariant not determined by associativity); we
add this relation to JG and we check whether JG+ JA is the ideal of a single point
in CN . If not, we repeat this procedure until JG + JA is as big as desired.
In the thirteen cases that we studied (cfr. Table 1), this procedure yielded the
desired results after a few steps; moreover, the standard relations coming from the
blow-up construction (lemma 2) can be used as geometric relations. We refer to
the following example and to [14] for further details about the computational part.
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Example. Consider the blow-upM =M230 of P
3 along a conic C. Classical relations
are E2 − 3EH + 2H2 = 0 and EH2; to quantize them we only need classes β such
that 3 ≤ virt. dim. β ≤ 6, that is, such that 3 ≥ −KM .β = (4H − E).(dL0 + fF ) =
4d+ f , where L0 = f
∗[line] and F is the class of an exceptional fiber.
Let f(d) be the minimum integer f such that there exists a rational curve Z ⊂ P3
whose homology class is [Z ′] = dL0 + fF . Since f(d) = −2d, we put L = L0 − 2F ;
the only β’s satisfying −KM .β ≤ 3 are F , 2F , 3F , L and L+ F .
“Exceptional” moduli spaces M0,0(M,kF ) are branched coverings of C, and are
easily seen to have expected dimension, as the other two. Indeed, M0,0(M,L) is
isomorphic to the dual of the plane spanned by C, and M0,0(M,L + F ) has two
components: the two-dimensional one is composed by reducible curves, and is a
2 : 1 covering of M0,0(M,L), while irreducible curves lie in the three-dimensional
component Z, because the map
{
(x, y) ∈ P3 × C
∣∣x 6= y}→ Z sending (x, y) to the
strict transform of the line < x, y > is a fibration with one-dimensional fibers.
Associativity equations involve N = 14 Gromov-Witten invariants; the affine va-
riety A has dimension three and meets in a single point the variety G defined by
IF (ϕ) = −1, IL(ϕ, ϕ) = 1 and IF+L(ϕ, •) = 2. The first invariant is standard,
while the other two are easily computed considering the above description of the
related moduli spaces. So Quantum Cohomology of M is completely determined
by associativity constraints and “simple” enumerative geometric information.
5. Exceptional objects in the Derived Category
and the Dubrovin Conjecture
We recall some terminology and results from [31].
Definition. Let X be a smooth complex projective variety. We denote with D(X)
the bounded derived category of coherent sheaves on X .
Definition. An object E in D(X) is said to be exceptional if
R
i
Hom(E,E) =
{
0 if i > 0 ,
C if i = 0 .
Definition. An exceptional set (also called a system of exceptional objects in D(X)
of length n+ 1 is an ordered set
(E0, · · · , En)
such that
• all the Ei are exceptional;
• R∗ Hom(Ei, Ej) = 0 if i > j (the semiorthogonality condition).
Moreover, the set (system) is called complete (full) if it generates D(X) as a trian-
gulated category.
Be˘ılinson’s theorem exhibits a complete exceptional set for the projective space Pn.
Theorem 4 (Be˘ılinson [12, 2]). Given a coherent sheaf F on Pn, there exists a
finite complex of sheaves
G• : 0→ G−n → · · · → Gn → 0
such that each one of the Gq is the direct sum of bundles of type O(−n), . . . ,O and
H
q(G•) =
{
0 if q 6= 0,
F if q = 0.
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Indeed, in the derived category any object is equivalent to anyone of its resolutions,
so these n + 1 sheaves generate D(Pn). Also, the exceptionality of the O(i) is an
easy consequence of the fact that R0 F = F for any functor F and that the O(i)
are free, so that Rq Hom(O(i),O(j)) = 0 for all q > 0 and all i, j. These arguments
also imply semiorthogonality of the set.
Dubrovin conjecture holds for Pn; indeed, QH(Pn) ∼= C[H, q]/(Hn+1 − q) and a
corollary of Be˘ılinson’s theorem is that the length of the exceptional set is exactly
dimH∗(Pn,C) =
∑
q
dimHq,q(Pn) = n+ 1 .
Conforming to Dubrovin conjecture, we will say that the appropriate length for an
exceptional set of a manifold X is
∑
q dimH
q,q(X).
Starting from manifolds whose derived category has a complete exceptional set of
the appropriate length, as is Pn, we can construct other manifolds with the some
property if we use processes which preserve both the existence of an exceptional
set and the appropriatedness of its length. This is the case for some blow-ups and
for all projectivizations of vector bundles, as we can deduce from the following two
theorems.
Theorem 5 ([3]; Cor. 2.7 of [31]). Let E→M be a vector bundle over a manifold.
If D(M) has a complete exceptional set, then also D(P(E)) possesses a complete
exceptional set.
Corollary. If D(M) has a complete exceptional set of the appropriate length, then
also D(P(E)) has a complete exceptional set of the appropriate length.
Proof. The statement about the length is a straightforward computation that can
be obtained from one of the proofs of the theorem in [3, 31] and from Leray-Hirsch
theorem describing the cohomology of a projective bundle. 
Theorem 6 (Cor. 4.4 of [31]). Let M be the blow-up of a smooth variety X along
a smooth subvariety Y . If D(X) and D(Y ) have a complete exceptional set, then
also D(M) possesses a complete exceptional set.
Corollary. Let M be the blow-up of a threefold X along a smooth irreducible sub-
variety Y ; suppose that D(X) has a complete exceptional set of the appropriate
length, and that Y is either a point or a rational curve. Then also D(M) has a
complete exceptional set of the appropriate length.
Proof. Again, the length of the exceptional set can be computed easily from the
contents of section 4 in [31], while the appropriatedness of the length follows from
lemma 1. 
Proof of Proposition 1. The classification of smooth Fano threefolds states that
Fano threefolds having b3 = 0 are 4 + 21 + 34 = 59 out of 106. Indeed, they
can be subdivided in the following three classes:
• the four threefolds with b2 = 1, that is, P
3, Q3, V5 and V22;
• the twenty-one threefolds which are P1-bundles over surfaces;
• the thirty-four threefolds which are not P1-bundles over surfaces and can be
obtained by blowing up another Fano threefold along a smooth subvariety
Y having only cohomology of even degree.
Fano threefolds with b2 = 1 for which (cfr. [8]) a complete exceptional set in D(X)
is known to exist are P3, Q3, V5 [30] and V22 [26, 17]; they are the only ones
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with Pic = Z having only even cohomology. Moreover, the exceptional set has the
appropriate length.
All the 21 Fano threefolds M1, . . . ,M21 which are P
1-bundles over surfaces, corre-
sponding to the 21 Fano vector bundles in [35] (we refer to that paper or to [1] for
the notation), have a complete exceptional set in D(Mi) of the appropriate length.
Indeed, for all the surfaces S which appear as bases of such bundles D(S) has a
complete exceptional set of the appropriate length, since they are P2, P1 × P1 –
which can be thought as the projectivization of trivial vector bundles over P1 – and
Del Pezzo surfaces, for whom a computation quite similar to the one in Theorem 6
can be made. Thus only a further application of the corollary of Theorem 5 proves
the claim.
Finally, the corollary of Theorem 6 shows inductively the existence of a complete
exceptional set of the appropriate length in D(X) for any X in the third class. 
6. Proofs of the main results
We denote by •, ϕ and ̺ the cohomology class respectively of a point, of an excep-
tional fiber and of the pullback of a generic line class in P3 or Q3; we put L0 = (̺)∗
and F = (ϕ)∗, where (−)∗ : H
p(M,C)→ Hp(M,C) denotes Poincare´ duality.
Proof of Theorem 1. Lemma 1 gives the classical relations.
The maximal G, as in section 4, is defined by the standard equation IF (ϕ) = −1
(given by lemma 2) plus the following equations, for which we refer to the lemmas
in the last section:
IL0−F (̺, •) = deg C for n = 22, 27, 30, 33;(3)
IL0−2F (̺, ̺) = 1 for n = 30;(4)
IL0(̺, •) = 1 and IL0−F (̺, ϕ) = 1 for n = 21, 26, 29.(5)

Proof of Theorem 2. As for the previous theorem, Lemma 1 gives the classical re-
lations. Moreover, in these cases quadratic relations suffice to generate the coho-
mology ring, as it can be easily verified. Since all of these threefold are obtained
by blowing up two disjoint curves, we have two distinct homology classes F1, F2 of
exceptional fibers and consequently two standard Gromov-Witten invariants of the
type described in lemma 2, which for all these varieties turn out to be independent:
i. e., they cut out a 2-codimensional subvariety of A.
The maximal G (cfr. section 4) is defined by the standard equations IF1 (ϕ1) =
IF2(ϕ2) = −1 plus the following ones, for which we refer to the lemmas in the last
section:
IL0(̺, •) = 1 for n = 10, 15, 20,(6)
IL0−F1−F2(•) = degC2 for n = 12, 18, 25,(7)
where C2 is the smooth rational curve such that the threefold is obtained by blowing
up P3 along a disjoint union (line) ⊔ C2. 
Proof of Theorem 3. The existence of an exceptional set is positively answered for
all these varieties by Proposition 1. Generic semisimplicity is verified with a stan-
dard commutative algebra software using the explicit presentations worked out in
the present paper and in [1, 15, 32, 34], after the following lemma.
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Lemma 3. Generic semisimplicity of Quantum Cohomology is a consequence of
the existence of a single semisimple point γ ∈ H2(X,C). This in turn is equivalent
to generic semisimplicity over the H2(X,C).
To see this, consider the following diagram:
C
c+p ⊃ Z = V (f ′1, . . . , f
′
k)
π
→ (C∗)p
ψ
← H2(X,C) ,
where π is the projection forgetting the qi’s and ψ(γ1, . . . , γp) =
(
exp(γ1), . . . , exp(γp)
)
.
Semisimplicity of the small Quantum Cohomology ring is equivalent to the fact that
ψ(S) is a nonempty Zariski open subset in (C∗)p, where S is the locus of the points
γ ∈ H2(X,C) such that the Quantum Cohomology QHγ(X) is semisimple.
Indeed, semisimple points γ ∈ S correspond exactly to the points q = ψ(γ) ∈
(
C∗
)p
such that π−1(q) is a reduced zero-dimensional scheme. Moreover, the fiber π−1(γ)
is obtained by putting qi := ψ(γi) ∀ i, that is, by intersecting Z with a linear variety
of codimension p. So ψ(S) is exactly the locus in (C∗)p over which the fibers of π
are reduced, which is an open Zariski subset. If it is empty, then all the fibers are
nonreduced, that is, Z itself is not reduced and the small Quantum Cohomology is
not semisimple. 
Lemma 4. IL0−F (̺, •) = deg C for X =M
2
k , k = 22, 27, 30, 33.
Proof. Let ℓ ∈ ̺ and x ∈ • be generic representatives.
Irreducible curves C′ of class L0 − F are strict transforms of lines intersecting C in
exactly one point. The map sending C′ ∈ M0,0(X,L0 − F ) to C
′ ∩ C is a fibration
over C with bidimensional fibers.
If degC > 1, the class L0 −F contains also reducible curves; we want to show that
these curves do not contribute to the invariant, i. e., that no line intersecting C
with multiplicity greater than 1 can meet both x and ℓ.
Indeed, choose a generic plane P2 containing ℓ. The projection πx : P
3 → P2 maps
C into a plane rational curve C0 with m =
1
2 (d − 1)(d − 2) nodes x1, . . . , xm. The
lines xi x are exactly all the lines passing through x and ℓ and intersecting C with
multiplicity greater than 1. Genericity of x implies that none of these m lines meets
ℓ, so that no reducible curve in class L0 − F is involved in the computation of this
Gromov-Witten invariant.
This implies both the enumerativeness of the invariant, since we have seen above
that dimM0,0(X,L0−F ) = 3, and the possibility to compute it considering only ir-
reducible curves, that is, counting the number of strict transforms of lines ℓ touching
C in exactly one point.
The cone projecting C from x intersects ℓ in d = deg C points, which belong to the
lines ℓi (i = 1, . . . , d) in the the cone. The strict transforms of the ℓi are thus all
the rational curves belonging to class L0 − F and meeting the strict transforms of
x and ℓ, thus proving the claim. 
Lemma 5. IL0−2F (̺, ̺) = 1 for M
2
30.
Proof. Lines who are bisecant a given conic in Pn are parameterized by the dual
of the plane spanned by the conic; thus the dimension of M0,0(M
2
30, L0 − 2F ) is
2 + 3 = 5 = virt. dim.(L0 − 2F ) and we can use the enumerative interpretation.
Let Z be the plane spanned by the conic C, and let ℓ1, ℓ2 be two generic lines in
P3; let Z ∩ ℓi = {x1}.
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The value of IL0−2F (̺, ̺) is one, since it counts the number of lines ℓ included in
Z whose strict transform ℓ′ meets the strict transforms of x1 and x2, that is, the
number of lines in a plane passing through two generic points. 
Lemma 6. IL0(̺, •) = 1 for M
2
k , k = 21, 26, 29.
Proof. Let M be the blow-up of Q3 along the rational curve C.
The family of lines in Q3 is three-dimensional; the class of the strict transform of a
line ℓ is L0 if and only if ℓ does not meet C; it is easy to see that the subspace of
reducible curves in M0,3(M,L0) has positive codimension.
Thus the dimension of the whole space of rational curves having class L0 is 3+3 =
6 = virt. dim.(L0) and the enumerative interpretation is legitimate, that is, the
invariant IL0(̺, •) counts the number of rational curves of class L0 meeting the
strict transforms of a generic line and a generic point in Q3.
Consider a generic line ℓ′ ⊂ Q3 and a generic point x′ ∈ Q3; there exists exactly
one line ℓ ⊂ Q3 meeting both x′ and ℓ′; moreover, the genericity of x′ and ℓ′ implies
that ℓ does not meet C. Since any curve of class L0 is the strict transform of a line
ℓ in Q3 (plus some exceptional fiber if ℓ meets C) ℓ is the only curve of class L0
meeting both x′ and ℓ′, and IL0(̺, •) = 1. 
Lemma 7. IL0−F (̺, ϕ) = 1 for M
2
k , k = 21, 26, 29.
Proof. A curve of class L0−F which meets a generic line ̺
′ cannot be decomposed
as C′ ⊔ ϕ′, since in that case C′ would be bisecant to C and thus could not meet ̺′.
An irreducible curve of class L0 − F is the strict transform of a line meeting C in
degree 1; the claim follows from N1,1 = 1, where N1,1 is the number of lines meeting
a generic point and a generic line (see [21]). 
Lemma 8 (M3k for k = 12, 18, 25). Let C2 ⊂ P
3 be a smooth rational curve of
degree 2 ≤ d ≤ 4 which is disjoint from a line C1 ⊂ P
3; let M be the blow-up of P3
along C1 ⊔ C2. Then IL0−F1−F2(•) = d.
Proof. A curve of class β = L0 − F1 − F2 is the strict transform of a line meeting
C1 and C2 in one point each, or the connected union of the strict transform of a
line which intersects C1 in one point and C2 in a scheme of degree k > 1 with some
exceptional fibers over C2. The class β is enumerative, since reducible curves form
at most a 1-dimensional family and irreducible ones form a 2-dimensional family.
Consider the plane spanned by a generic point x ∈ P3 and the line C1; it intersects
C2 in a zero-dimensional scheme of degree degC2, and the intersection is transverse
by the genericity assumptions on x. This implies both that no reducible curves of
class β meet the strict transform x′ of x, and that exactly deg C2 irreducible curves
of class β meet x′, which proves the lemma. 
Lemma 9. IL0(̺, •) = 1 for M
3
k with k = 10, 15, 20.
Proof. It is easy to see that the subspace of reducible curves has positive codimen-
sion in the moduli space M0,0(M,L0); so
dimM0,0(M,L0) = dim{lines in the quadric} = 3.
The invariant IL0(̺, •) is thus enumerative, and counts the number of curves in
the class L0 which intersects the strict transforms both of a generic point x
′ and a
generic line ℓ′ in Q3.
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Genericity assumptions imply that the unique ℓ meeting both x′ and ℓ′ does not
touch the blown-up locus; so the value of the invariant is N1,1 = 1, as in lemma
7. 
Table 1. Amount of geometric information needed in order to
determine Quantum Cohomology. L denotes a line, C a conic, T
a twisted cubic and U a rational quartic.
Threefold N dimA degA
M222 = blow-up of P
3 along U 24 2 3
M227 = blow-up of P
3 along T 14 2 2
M230 = blow-up of P
3 along C 14 3 1
M233 = blow-up of P
3 along L 10 2 1
M221 = blow-up of Q
3 along U 24 3 5
M226 = blow-up of Q
3 along T 24 3 3
M229 = blow-up of Q
3 along C 14 3 2
M312 = blow-up of P
3 along L ⊔ T 81 3 9
M318 = blow-up of P
3 along L ⊔ C 81 3 6
M325 = blow-up of P
3 along L ⊔ L 52 3 3
M310 = blow-up of Q
3 along C ⊔ C 81 3 23
M315 = blow-up of Q
3 along L ⊔ C 81 3 7
M320 = blow-up of Q
3 along L ⊔ L 81 3 5
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